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Functional Determinant on Pseudo-Einstein 3-manifolds
Ali Maalaoui(1)
Abstract Given a three dimensional pseudo-Einstein CR manifold (M,T 1,0M,θ), we estab-
lish an expression for the difference of determinants of the Paneitz type operators Aθ, related
to the problem of prescribing the Q′-curvature, under the conformal change θ 7→ ewθ with
w ∈ P the space of pluriharmonic functions. This generalizes the expression of the functional
determinant in four dimensional Riemannian maniflolds established in [6].
1 Introduction and statement of the results
There has been extensive work on the study of spectral invariants of differential operators
defined on a Riemannian manifold (M,g) and the relations to their conformal invariants, see
for instance [4, 6, 5] and the references therein. For instance, consider the two dimensional
case with the pair of the Laplace operator −∆g, and the associated invariant which is the
scalar curvature Rg. One knows that under conformal change of the metric g 7→ g˜ = e
2wg,
one has the relation
Rg˜e
2w = −∆gw +Rg.
It is also known that the spectrum of −∆g is discrete and can be written as 0 < λ1 ≤ λ2 ≤ · · ·
and the corresponding zeta function is then defined by
ζ−∆g(s) =
∞∑
j=1
1
λsj
.
This series converges uniformly for s > 1 and can be extended to a meromorphic function in
C with 0 as a regular value. The determinant of the operator −∆g can be written as
det(−∆g) = e
−ζ′
−∆g
(0)
.
The celebrated Polyakov formula [21, 22], states that if g˜ = e2wg then
ln
(det(−∆g˜)
det(−∆g)
)
=
1
12
∫
M
|∇w|2 +Rw dvg − ln(−
∫
M
e2w dvg).
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Notice that the right hand side is a familiar quantity. It is the Beckner-Onorfi energy, [1] and
we know that
1
12pi
∫
S2
|∇w|2 +Rw dvg − ln(−
∫
S2
e2w dvg) ≥ 0.
This notion of determinant was extended to dimension four for conformally invariant opera-
tors. Keeping in mind that the substitute of the pair (−∆g, R) in dimension two is the pair
(Pg, Qg) in dimension four, where Pg is the Paneitz operator and Qg is the Riemannian Q-
curvature ([6, 11]). In addition, two new terms appear in the expression of the determinant.
Indeed, if (M,g) a 4-dimensional manifold and Ag a non-negative self-adjoint conformally
covariant operator then, there exists β1, β2 and β3 ∈ R such that
ln
(det(Ag˜)
det(Ag)
)
= β1I(w) + β2II(w) + β3III(w), (1)
where 

I(w) = 4
∫
M
w|Wg|
2 dvg − (
∫
M
|Wg|
2 dvg) log(−
∫
M
e4w dvg),
II(w) =
∫
M
wPgw + 4Qgw dvg − (
∫
M
Qg dvg) log(−
∫
M
e4w dvg),
III(w) = 12
∫
M
(∆gw + |∇w|
2)2 dvg − 4
∫
M
w∆gRg +Rg|∇w|
2 dvg.
In the case of the sphere S4, we see that the second term II corresponds to the Beckner-
Onofri energy.
Now let us move to the CR setting. We consider a 3-dimensional CRmanifold (M,T 1,0, J, θ)
and we recall that the substitute for the pair (Pg, Qg) is (Pθ, Qθ) where Pθ is the CR Paneitz
operator and Qθ is the CR Q-curvature, [12, 13]. The problem with this pair is that the total
Q-curvature is always zero. In fact in pseudo-Einstein manifolds the Q-curvature vanishes
identically. Hence, we do not have a decent substitute for the CR Beckner-Onofri inequal-
ity. Fortunately, if we restrict our study to pseudo-Einstein manifolds and variations in the
space of pluriharmonic functions P, then we have a better substitute for the pair (Pg, Qg)
namely (P ′θ, Q
′
θ). These quantities were first introduced on odd dimensional spheres in [3]
and then on pseudo-Einstein manifolds in [9, 8, 14]. In particular one has a Beckner-Onofri
type inequality involving the operator P ′θ acting on pluriharmonic functions as proved in [3].
We also recall that the total Q′-curvature corresponds to a geometric invariant, namely the
Burns-Epstein invariant µ(M) ( [7, 10]).
One is tempted to see what the spectral invariants of the operator P ′ are or the restriction
of P ′ to the space P of pluri-harmonic functions and link them to geometric quantities such
as the total Q’-curvature.
We recall that the quantity Q′θ changes as follows: if θ˜ = e
wθ with w ∈ P, then
P ′θw +Q
′
θ = Q
′
θ˜
e2w +
1
2
Pθ(w
2), (2)
which we can write as
P ′θw +Q
′
θ = Q
′
θ˜
e2w mod P⊥.
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We let τθ : L
2 → P be the orthogonal projection on P with respect to the inner product
induced by θ and set Aθ = τθP
′
θτθ. Then equation (2) can be rewritten as
Aθw + τθ(Q
′
θ) = τθ(Q
′
θ˜
e2w).
Prescribing the quantity Q
′
θ = τθ(Q
′
θ) was thoroughly investigates in [16, 9, 15] mainly because
of the property that ∫
M
Q
′
θdνθ =
∫
M
Q′dνθ = −
µ(M)
16pi2
.
We recall that in [17], we proved that the dual of the Beckner-Onofri inequality, namely
the logarithmic Hardy-Littlewood-Sobolev inequality can be linked to the regularized zeta
function of the operator Aθ evaluated at one. This was proved in the Riemannian setting in
[18, 19, 20].
In this paper, we will generalize the expression (1) by studying the determinant of the operator
Aθ. In all that follows we assume that (M,T
1,0M,J, θ) is an embeddable pseudo-Einstein
manifold such that P ′θ is non-negative and has trivial kernel. First we show that
Theorem 1.1 (Conformal Index). Let ζAθ be the spectral zeta function of the operator Aθ.
Then ζAθ(0) is a conformal invariant in P. Moreover,
ζAθ(0) =
−1
24pi2
∫
M
Q′θdvθ − 1.
In order to compute the determinant of the operator Aθ we introduce the quantities
A˜1(w), A˜2(w) and A˜3(w) defined by


A˜1(w) :=
∫
M
wAθw +Q
′
θw −
1
c1
ln
(
−
∫
M
e2w dν
)
dν
A˜2(w) := 2
∫
M
R
(
∆bw +
1
2 |∇bw|
2
)
−
(
∆bw +
1
2 |∇bw|
2
)2
dν
A˜3(w) := 2
∫
M
w0R−
1
3w0|∇bw|
2 − w0∆bw dν
(3)
Notice that the quantity A˜1 is related to the CR Beckner-Onofri inequality studied in [3].
One can also write A˜2(w) as
A˜2(w) = 2
∫
M
R
(∆be 12w
2e
1
2
w
)
−
(∆be 12w
2e
1
2
w
)2
dν.
Then we have the following
Theorem 1.2. There exists c2 and c3 ∈ R such that for all w ∈ P, we have
ln
(
det(Aθ)
det(Aewθ)
)
= −
1
24pi2
A˜1(w) + c2A˜2(w) − c3A˜3(w).
Acknowledgement The author wants to acknowledge that the problem treated in this pa-
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2 Heat Coefficients and Conformal Invariance
Let (M,T 1,0M,θ) be a pseudo-Einstein 3-manifold and P ′θ its P
′-operator defined by
P ′θf = 4∆
2
bf − 8Im
(
∇1(A11∇
1f)
)
− 4Re
(
∇1(R∇1f)
)
.
Denote by τ : L2(M)→ P the orthogonal projection on the space of pluriharmonic functions
with respect to the L2-inner product induced by θ. We consider the operator Aθ = τP
′
θτ and
for the conformal change θ˜ = ewθ, with w ∈ P, we let
A
θ˜
= τ
θ˜
e−2wAθ,
where τ
θ˜
is the orthogonal projection with respect to the L2-inner product induced by θ˜.
In order to evaluate and manipulate the spectral invariants, we need to study the expression
of the heat kernel of the operator Aθ. Unfortunately, this operator is not elliptic or sub-
elliptic (as an operator on C∞(M)), and does not have an invertible principal symbol in the
sense of ΨH(M)-calculus (see [23]). In fact Aθ can be seen as a Toeplitz operator, and one
might adopt the approach introduced in [2] in order to study it. But instead, we will modify
the operator in order to be able to use the classical computations done for the heat kernel.
Consider the operator L = Aθ + τ
⊥Lτ⊥, where L is chosen so that L has an invertible
principal symbol in Ψ4H(M). Notice that τL = Lτ = Aθ. Based on [23], if K is the heat
kernel of L one has the following expansion near zero:
K(t, x, x) ∼
∞∑
j=0
a˜j(x)t
j−4
4 + ln(t)
∞∑
j=1
tj b˜j(x).
Since e−tL = e−tAθτ + e−tLτ⊥, we have that the kernel K of e−tAθ which is the restriction to
P of K, reads as
K(t, x, x) ∼
∞∑
j=0
t
j−4
4 aj(x) + ln(t)
∞∑
j=1
tjbj(x), (4)
and this will be the main expansion that we will be using for the rest of the paper.
Now we want to define the infinitesimal variation of a quantity under a conformal change.
Fix w ∈ P and for a given quantity Fθ depending on θ denote δFθ :=
d
dr |r=0
Ferwθ. Next, we
define the zeta function of Aθ by
ζAθ(s) :=
∞∑
j=1
1
λsj
.
where 0 < λ1 ≤ λ2 ≤ · · · , is the spectrum of the operator Aθ : W
2,2(M) ∩ P → P. In what
follows TR[A] is to be understood as the trace of the operator A in P. Then we have the
following proposition.
Proposition 2.1. With the notations above, we have
ζAθ(0) =
∫
M
a4(x)dx − 1.
Moreover,
δζAθ (0) = 0
4
and
δζ ′Aθ(0) = 2
∫
M
w(a4(x)−
1
V
) dν,
where V =
∫
M
dνθ is the volume of M .
Proof: Most of the computations in this part are relatively standard and they can be
found in [4, 6, 5] in the Riemannian setting. First we use the Mellin transform and (4) to
write
ζAθ(s) =
1
Γ(s)
∫ ∞
0
ts−1(TR[e−tAθ ]− 1) dt
=
1
Γ(s)
(
−
1
s
+
∫ 1
0
ts−1
N∑
j=0
t
j−4
4
∫
M
aj(x) dν dt+
∫
M
ts−1O(t
N+1−4
4 ) dt
+
N∑
j=1
∫ 1
0
tj+s−1 ln(t)
∫
M
bj dν dt+
∫ 1
0
ts−1O(tN+1 ln(t)) dt+
∫ ∞
1
ts−1
∞∑
j=1
e−λjt dt
)
=
1
Γ(s)
(−1
s
+
N∑
j=0
1
s+ j−44
∫
M
aj(x) dν +
∫ 1
0
ts−1O(t
N+1−4
4 ) dt
+
N∑
j=1
1
(s+ j)2
∫
M
bj dν +
∫ 1
0
ts−1O(tN+1 ln(t)) dt
∫ ∞
1
ts−1
∞∑
j=1
e−λjt dt
)
.
Since, Γ has a simple pole at s = 0 with residue 1, we see that by taking s → 0, there are
only two terms that survive, leading to
ζAθ(0) =
∫
M
a4(x) dν − 1.
Next we move to the study of the variation of ζAθ . Let f ∈ C
∞(M) and v ∈ P. Then
∫
M
τrw(f)v dνrw =
∫
M
fve2rw dν.
Differentiating with respect to r and evaluating at 0 yields
∫
M
(δτ(f) + 2wτ(f)− 2wF )v dν = 0.
Hence,
δτ(f) = 2τ(wf − wτ(f)).
If we let Mw be the multiplication by w then
δτ = 2(τMw − τMwτ).
In particular, if f ∈ P then δτ(f) = 0.
Next we want to evaluate δAθ. Recall that Aerwθ = τerwθe
−2rwAθ. Therefore,
δAθ = δτAθ − 2τMwAθ = −2τMwAθ.
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Thus,
δTR[e−tAθ ] = −tTR[δAθe
−tAθ ]
= 2tTR[τMwAθe
−tAθ ] = 2tTR[MwAθe
−tAθ ].
The last equality follows from TR[AB] = TR[BA] and e−tAθτ = e−tAθ . But
−tMwAθe
−tAθ =
d
dε |ε=0
Mwe
−t(1+ε)Aθ
Using the expansion (4), we have
K(t(1 + ε), x, x) ∼
∞∑
j=0
(1 + ε)
j−4
4 t
j−4
4 aj(x) +H,
where H is the logarithmic part. Hence, comparing the terms in the expansion after integra-
tion, we get:
δ
∫
M
aj dν =
4− j
2
∫
M
waj dν.
In particular, we have δ
∫
M
a4 dν = 0.
Similarly
Γ(s)ζAθ(s) = Γ(s)(ζAθ(0) + sζ
′
Aθ
(0) +O(s2)).
Hence, since δζAθ (0) = 0, and sΓ(s) ∼ 0 when s→ 0, we have
δζ ′Aθ (0) = [Γ(s)δζAθ (s)]s=0.
But,
Γ(s)δζAθ (s) =
∫ ∞
0
2tsTR[wAθe
−tAθ ] dt
= −
∫ ∞
0
2ts
d
dt
TR[we−tAθ ] dt
=
∫ ∞
0
2sts−1TR[w(e−tAθ −
1
V
)] dt. (5)
Using again the expansion (4) and a similar computation as in the previous case, yields
δζ ′Aθ (0) = 2
∫
M
w(a4 −
1
V
) dν.
✷
Proposition 2.2. There exists c 6= 0 such that
ζAθ(0) = c
∫
M
Q′θ dν − 1.
Moreover c = − 1
24pi2
.
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Proof: First we notice that a4 is a pseudo-Hermitian invariant of order −2, that is
a4,erθ = e
−2ra4,θ,
for all r ∈ R. So from [14], we have the existence of c1, c2, c3, c4, c5 ∈ R such that
a4 = c1Q
′
θ + c2∆bR+ c3R,0 + c4R
2
θ + c5Qθ,
where Q′θ = 2∆bR− 4|A|
2 +R2 and Qθ = −
2
3∆bR+ 2Im(A11,1¯1¯). Since we are in a pseudo-
Einstein manifold and w ∈ P we can assume that Qθ = 0. So after integration, we have∫
M
a4 dν = c1
∫
M
Q′θ dν + c4
∫
M
R2 dν.
Since
∫
M
a4 dν is invariant under the conformal change e
wθ, it is easy to see that c4 = 0.
Hence, ∫
M
a4 dν = c1
∫
M
Q′θ dν.
Next we want to calculate c1 (compare to [24], where the invariant k2 is always 0). We take
the case of the sphere S3. Based on the computations in [3], we have
ζAθ(s) = 2
∞∑
j=1
j + 1
(j(j + 1))s
= 2
∞∑
j=2
1
j2s−1
( 1
1− 1
j
)s
.
Using the expansion of (1− 1
j
)−s = 1 + s
j
+ s(s+1)
2j2
+ sO( 1
j3
), we see that
ζAθ(s) = 2(ζR(2s − 1)− 1 + s(ζR(2s)− 1)−
s(s+ 1)
2
(ζR(2s+ 1)− 1)) + sH(s).
with H(s) holomorphic near s = 0 and ζR the classical Riemann Zeta function. Now we
recall that ζR is regular at s = 0 and s = −1 but has a simple pole at s = 1 with residue
equal to 1. Hence
ζAθ(0) = 2(−
1
12
− 1 +
1
4
) = −
5
3
6= 0.
Knowing that
∫
S3
Q′θ dν = 16pi
2 we have
16pi2c− 1 = −
5
3
.
Thus,
c = −
1
24pi2
.
✷
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3 The expression for the Determinant
Recall that in the previous section, we found that a4 = c1Q
′ + c2∆bR+ c3R,0. In particular
δζ ′Aθ (0) =
∫
M
2w
(
a4(x)−
1
V
)
dν
= c1
∫
M
2w
(
Q′θ −
1
c1V
)
dν + c2
∫
M
2R∆bw dν − c3
∫
M
2w,0R dν
= c1A1 + c2A2 + c3A3.
We will calculate the change of each term under conformal change of θ. The easiest term to
handle is the first one. Indeed, recall that if θ˜ = ewθ then
Q˜′θe
2w = P ′θw +Q
′
θ mod P
⊥,
R˜ =
[
R− |∇bw|
2 − 2∆bw
]
e−w,
and
∆˜bf = e
−w
[
∆bf +∇bf · ∇bw
]
.
So if θˆu = e
uwθ, we have∫
M
2w
[
Qˆ′θ −
1
c1
1
Vˆ
]
dvˆ =
∫
M
2uwP ′θw + 2uQ
′w −
1
c1
2we2uw∫
M
e2uw dν
dν.
Integrating u in [0, 1] yields
A˜1(w) =
∫
M
wAθw +Q
′
θw −
1
c1
ln(−
∫
M
e2w dν) dν.
For the second term, we have∫
M
Rˆ∆ˆbw dvˆ =
∫
M
[
R− u2|∇bw|
2 − 2u∆bw
][
∆bw + u|∇bw|
2
]
dν
=
∫
M
R∆bw − u
2|∇bw|
2∆bw − 2u(∆bw)
2 +Ru|∇bw|
2 − u3|∇bw|
4 − 2u2|∇bw|
2∆bw dν.
In particular after integrating over u between 0 and 1, we get
A˜2(w) = 2
∫
M
R∆bw − |∇bw|
2∆bw − (∆bw)
2 +
1
2
R|∇bw|
2 −
1
4
|∇bw|
4 dν
= 2
∫
M
R∆bw −
(
∆bw +
1
2
|∇bw|
2
)2
+
R
2
|∇bw|
2 dν.
Next we compute ∫
M
TˆwRˆdvˆ =
∫
M
[
w,0R− u
2w,0|∇bw|
2 − 2uw,0∆bw
]
dν,
where T is the characteristic vectorfield of θ and we are adopting the notatoion Tf = f,0.
Integrating as above yields:
A˜3(w) = 2
∫
M
w,0R−
1
3
w,0|∇bw|
2 − w.0∆bw dν.
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Therefore, one has
ζ ′
A˜θ
(0) − ζ ′Aθ(0) = c1A˜1(w) + c2A˜2(w)− c3A˜3(w)
or equivalently
ln
(det(Aθ)
det(A
θ˜
)
)
= c1A˜1(w) + c2A˜2(w) − c3A˜3(w).
✷
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